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By virtue of the well-known theorem, a structure Lie group K of a principal bundle P — > X 
is reducible to its closed subgroup H iff there exists a global section of the quotient bundle 
P/K — > X. In gauge theory, such sections are treated as Higgs fields, exemplified by pseudo- 
Riemannian metrics on a base manifold X. Under some conditions, this theorem is extended to 
principal superbundles in the category of G-supermanifolds. Given a G-super manifold M and a 
graded frame superbundle over M with a structure general linear supergroup, a reduction of this 
structure supergroup to an orthgonal-symplectic supersubgroup is associated to a supermetric on 
a G-supermanifold M. 

1 Introduction 

Let 71 : P X he a principal smooth bundle with a structure Lie group K. One says that 
its structure group K is reducible to a closed (consequently, Lie) subgroup H of K, if there 
exists an iY-principal subbundle of P. The following well-known theorem holds [1]. 

Theorem 1. There is one-to-one correspondence between the reduced if-principal sub- 
bundles P^ of P and the global sections h of the quotient bundle P / H ^ X . 

In gauge theory on a principal bundle P — > X, these sections h are regarded as classical 
Higgs fields [2, 3] In particular, let P = LX be the GL(n, R)-principal bundle of linear 
frames in the tangent bundle TX of X (n=dimX). If if = 0{k,n — k), then a global 
section of the quotient bundle LX/0{k,n — k) is a pseudo-Riemannian metric on X. For 
instance, this is the case of a gravitational field in gauge gravitation theory [4, 5]. 

SUSY gauge theory including supergravity is mainly developed as a Yang-Mills type 
theory with spontaneous breaking of supersymmetries [6, 7, 8]. However, supergravity intro- 
duced in SUSY gauge theory has no geometric feature as a supermetric [9, 10]. Therefore, 
our goal here is to extend Theorem 1 to principal superbundles. 

It should be emphasized that there are different notions of a supermanifold. Lie super- 
group and superbundle. Let us mention a definition of a super Lie group as a Harish- 
Chandra pair of a Lie group and a super Lie algebra [10, 11]. We are not concerned with 
graded manifolds, graded Lie algebras and principal bundles [12, 13, 14]. A problem is that 
the tangent bundle of a graded manifold fails to be a graded manifold, but it is locally a 



Ne'eman-Quillen superbundle [15] (see [16, 17, 18] for different definitions of a superme- 
tric on graded manifolds). It should be also emphasized that graded manifolds are not 
supermanifolds in a strict sense. Both graded manifolds and supermanifolds are described 
in terms of sheaves of graded commutative algebras [19]. However, graded manifolds are 
characterized by sheaves on smooth manifolds, while supermanifolds are constructed by 
gluing of sheaves on supervector spaces. 

We here restrict our consideration to supermanifolds over Grassmann algebras A of finite 
rank. This is the case of smooth {GH^-, H°°-, G^-) supermanifolds and G-supermanifolds 
[19]. By analogy with manifolds, smooth supermanifolds are constructed by gluing of 
open subsets of supervector spaces endowed with the Euclidean topology. If a super- 

vector space i?"'™ is provided with the non-Hausdorff DeWitt topology and a smooth or 
G-supermanifold admits an appropriate atlas, it is a DeWitt supermanifold. 

In a general setting, one considers supermanifolds over the so called Arens-Michael 
algebras of Grassmann origin. They are R- and it!°°-supermanifolds which obey a certain set 
of axioms in order to be most suitable for supergeometry [20, 21, 22]. In the case of a finite 
Grassmann algebra, the category of i?°°-supermanifolds is equivalent to the category of G- 
supermanifolds. In comparison with smooth supermanifolds, G-supermanifolds have some 
important advantages from the differential geometric viewpoint [19]. Firstly, derivations 
of the structure sheaf of a G-supermanifold M constitute a locally free sheaf, which is 
the structure sheaf of some G-super bundle TM regarded as a tangent superbundle of M. 
Secondly, the category of G-supervector bundles is equivalent to a certain category of locally 
free sheaves of finite rank just as it takes place in the case of smooth vector bundles. 

Therefore, we consider Lie supergroups and principal superbundles in the category of 
G-supcrmanifolds. Our goal here is the following extension of Theorem 1 to principal 
G-superbundles. 

Theorem 2. Let P — > M be a principal G-superbundle with a structure G-Lic supergroup 
K, and let if be a closed G-Lie supersubgroup of K such that K —>■ K/H is a principal 
superbundle. There is one-to-one correspondence between the principal G-supersubbundles 
of P with the structure G-Lie supergroup H and the global sections of the quotient super- 
bundle P / H M with the typical fiber K/H. 

A key point is that underlying spaces of G-supermanifolds are smooth real manifolds, 
but possessing very particular transition functions. Therefore, the condition of local trivi- 
ality of the quotient K ^ K/H is rather restrictive. It is satisfied in the case of DeWitt 
G-supermanifolds [23] and in the most interesting case for applications when X is a super- 
matrix group and H is its Cartan supersubgroup. For instance, let P — LM be a principal 
superbundle of graded frames in the tangent superspaces over a supermanifold M of even- 
odd dimensione (n, 2m). If its structure general linear supergroup K — GL{n\2m\K) is 
reduced to the orthgonal-symplectic supersubgroup H — OSp{n\m] h), one can think of 
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the corresponding global section of the quotient bundle LM / H — > M as being a superme- 
tric on M. 

2 Supermanifolds 

Let y be a real vector space. Its exterior algebra 

k 2k 2k— 1 

A = AoeAi = Al^ = M©A\/ = (R©A\/)©(© A V) 

k=l k=l k=l 

is a graded commutative ring of rank = dim V. We consider Grassmann algebras of this 
type. A Grassmann algebra admits the splitting 

A = R©7^ = R©7^o©7^l =M©(Ai)^©Ai (1) 

where TZ is the ideal of nilpotents of A. It is a unique maximal ideal of A, i.e., A is a local 
ring. The corresponding projections u : A — > M and s : A — > 7?. are called the body and soul 
maps, respectively. Given a basis {d} for the vector space V, elements of the Grassmann 
algebra take the form 



N ^ 



CI — ^ 7 i^ii - ifcC ^ 



k=Q 



C 



A Grassmann algebra A is a graded commutative Banach ring with respect to the norm 



N ^ 

|a||A = E E 

k=0{ii---ik) 



ii—ik\- 



This norm provides A with the Euclidean topology of a 2^-dimensional real vector space. 

Let B — Bo ® Bi — M."' Q) be an (n, m) -dimensional graded vector space. Given a 
Grassmann algebra A of rank N, the A-envelope of S is a free graded A-module 

^n\m ^ AS = (AS)o © (A5)i = [A]^ © Af) © (A^ © A™), (2) 

of rank n + m. It is called the superspace. Its even part 

is a Ao-module called the (n, m) -dimensional supervector space. In accordance with the 
decomposition (1), any element q e 5"-"* is uniquely split as 



q = X + y 



{a{x') + s{x'))e^ + y^e], 
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where {e°,ej} is a basis for B and a{x^) G M, G T^O) y"' £ '^i- The corresponding 

body and soul maps read 

A supervector space i?"-"^ is provided with the Euchdean topology of a 2^~^{n + m)- 
dimensional real vector space. 

The superspace S"'"* seen as a Ao-module is isomorphic to the supervector space 
^n+m,n+m_ Any A-modulc endomorphism of S"'"* is represented by an (n + m) x (n + m)- 
matrix 

with entries taking values in A. It is called a supermatrix. A supermatrix L is even 
(resp. odd) if Li and L4 have even (rcsp. odd) entries, while L2 and L3 have the odd 
(resp. even) ones. Endowed with this gradation, supermatrices (4) make up a A-graded 
algebra. A supermatrix L (4) is invertible iff the real matrix a(L) is invertible. Invertible 
supermatrices constitute a general linear graded group GL(n|m; A). 

Turn now to the notion of a superf unction. Let S"'"* be a supervector space (3), where 
A is a Grassmann algebra of rank < m < N. Let A' be a Grassmann subalgebra of A 
of rank A^' whose basis {c"} is a subset of a basis for A. Furthermore, A is regarded as a 
A'-algebra. Given an open subset C/ C M", let us consider a A'- valued graded function 

N' ^ 

fi^)=E^fa...a,izy'---c''', (5) 
k=0 ■ 

on U with smooth real coefficients fa^-ak ^ C'^iU). It is prolonged onto ((T"''°)~^(t/) C -B"'° 
as the Taylor series 



m = E ^ 

fe=0 - 



c"i---c'^'=. (6) 



^ p\ dz'^^ ■ ■ ■ dz^ 

Then a superfunction F{q) = F{x,y) on (cr"''™)^^(^7) C 5"'™ is defined as the sum 



N 1 



r=0 ' ■ 



where fji...jr{x) are graded functions (6). The representation of a superfunction F{x,y) by 
the sum (7) however need not be unique. The germs of superfunctions (7) constitute the 
sheaf Sn> of graded commutative A'-algebras on 5" ™. At the same time, one can think of 
a superfunction (7) as being a smooth map of a 2^~^{n + m) -dimensional Euclidean space 
j^n,m ^j^g 2^-dimensional one A. 



4 



Using the representation (7), one can define derivatives of superfunctions as follows. 
Given a superfunction f{x) (6) on B^'^, its derivative with respect to an even argument 
is defined in a natural way as 



N' 



k=0 



ai...ak 



N 



(8) 



This even derivative is extended to superfunctions F on S"'"* in spite of the fact that the 
representation (7) is not unique. However, the definition of odd derivatives of superfunctions 
is more intricate. 

Let S%, C Sn' be the subsheaf of superfunctions F{x,y) — f{x) (6) independent of 
the odd arguments . Let AM'" be the Grassmann algebra generated by the elements 
(a^, . . . , a^). The expression (7) implies the sheaf epimorphism 



Sn', 



mi rn ^ 



r! 



r=0 ' ■ r=0 

This epimorphism is injective and, consequently, is an isomorphism iff 

N -N' >m. 



(9) 



If the condition (9) holds, the representation of any superfunction F by the sum (7) is 
unique, and F is an image of some section ® of the sheaf S% ® AM™. Then the odd 
derivative of F is defined as 

|-(Att»a')) = Aa®AK)). 

This definition is consistent only if A is an isomorphism. If otherwise, there exists a non- 
vanishing element a' such that A(/t ® a"-) = 0, but A(/t ® dj{a'')) ^ 0. 
With the condition (9), one classifies superfunctions as follows [19, 24]. 

(i) If the condition (9) is satisfied, superfunctions (7) are called Gif°°-superfunctions. 

(ii) If N' — 0, the condition (9) holds, and we deal with if°°-superfunctions 



n^'i/) = Er7 



r=0 



p\ dz^^ ■ ■ ■ dz^p 



a{x))s{x''^) ■ ■■s{x''') 



(10) 



where /ji...jv. are smooth real functions. 

(iii) If N' — N, the inequality (9) is not satisfied, unless m — 0. This is the case of 
G°°-superfunctions. 

Superfunctions of these three types are called smooth superfunctions. They however 
are effected by serious inconsistencies. Firstly, the odd derivatives of G°°-superfunctions 
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are ill defined. Secondly, a space of values of Gif °°-superfunctions changes from point 
to point because a Grassmann algebra A fails to be a free A'-module. Though the 
superfunctions are free of these defects, they are rather particular, namely, they are even on 
and real on C The notion of G-superfunctions overcomes these difficulties. 

Let QHn' denote the sheaf of Gi?°°-superfunctions on a supervector space S"'"*. Let 
us consider the sheaf of graded commutative A-algebras 

Qn' = qhn' ® a. 

A' 

There is its evaluation morphism 
to the ring 

QOh(^-Qn,m~^ of continuous A-valued functions on S"'"'. It is an epimorphism onto 
the sheaf Q°° of G°°-superfunctions on S"'"*. A key point is that, for any two integers N' 
and N" satisfying the condition (9), there is the canonical isomorphism of sheaves of graded 
commutative A-algebras Q^' and Qn"- Therefore, given the sheaf 7i°° of if°°-superfunctions 
F (10) on a supervector space S"'"^, it suffices to consider the canonical sheaf 

Qn,m = T^'^ ® A, 6 : Qn,m ^ C'sl^, (11) 

of graded commutative A-algebras on S"'"*. Its sections are called G-superfunctions. 

It is important from the geometric viewpoint that the sheaf dQn.m of graded derivations 
of the sheaf Qn,m (H) is a locally free sheaf of (y„^m-niodules of rank {n,m). On any open 
set U C 5"'™-, the ^„ ,„(^)-module ()Qn,m{U) is generated by the derivations d/dx\ d/dy^ 
which act on Gn,m{U) by the rule. 

d OF d dF 

-(F^a) = ^0a. _(F«„) = _»„. (12) 



Definition 3. Given two open subsets U and of a supervector space i?"'™, a map 
: [/ — > y is called supersmooth if it is a set of n -|- m smooth superf unctions. A Hausdorff 
paracompact topological space M is said to be an {n, m)-dimensional smooth supermanifold 
if it admits an atlas 

* = {t/c,0c}, 4>c-Ui^B-'^ 

such that the transition functions 0,^ o are supersmooth. If transition functions are 
GH°°- H°°-, or G°°-superfunctions, one deals with GH°°- H°°-, or G°°-supermanifolds, 
respectively. 
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By virtue of Definition 3, any smooth supermanifold of dimension (n, m) also carries a 
structure of a smooth real manifold of dimension 2^~^(n + m), whose atlas however pos- 
sesses rather particular transition functions. Therefore, it may happen that non-isomorphic 
smooth supermanifolds are diffeomorphic as smooth manifolds. 

Similarly to the case of smooth manifolds, Definition 3 of smooth supermanifolds is 
equivalent to the following one [15, 19]. 

Definition 4. A smooth supermanifold is a graded local-ringed space (M, S) with an 
underlying topological space M and the structure sheaf S which is locally isomorphic to the 
graded local- ringed space (S"'"*, <S), where S is one of the sheaves of smooth superfunctions 
on S"'"*. 

By a morphism of smooth supermanifolds is meant their morphism as local- ringed spaces 

((^, $) : (M, S) ^ (M', S'), if-.M^ M', = (99, o ^*){S') C ^,{S), 

where (p*{S) is the direct image of a sheaf and (p*S' is the inverse (pull-back) one. The 
condition ip*{S') C S implies that ip : M M' is a smooth map. 

The notion of a G-supermanifold follows Definition 4 of smooth supermanifolds. 

Definition 5. A G-supermanifold is a graded local-ringed space M — (M, Qm) satisfying 
the following conditions: 

(i) M is a Hausdorff paracompact topological space; 

(ii) {M,Qm) is locally isomorphic to the graded local-ringed space {B'^''^ ,Qn,m)-i where 
Qn,m is the sheaf of G-supcrfunctions on B^'"^; 

(iii) there exists an evaluation morphism 6 : Qm —>■ to the sheaf of continuous 
A- valued functions on M which is locally compatible to the evaluation morphism (11). 

In particular, the triple 5"'"* = (B"''", ^„^^, 5), where 5 is the evaluation morphism 
(11), is called the standard G-supcrmanifold. 

Any G'i?°°-supermanifold (M, GH^) with the structure sheaf GH^ is naturally ex- 
tended to the G-supermanifold (M, Qm — G'^'m ® Every G-supermanifold defines the 
underlying G°°-supermanifold {M,Q'^ — 5{Qm))- Therefore, the underlying space M of 
a G-supermanifold (M, Qm) is provided with the structure of a real smooth manifold of 
dimension 2^~^{n + m). However, it may happen that non-isomorphic G-supermanifolds 
have diffeomorphic underlying smooth manifolds. 

Given a G-supermanifold (M, Qm)-, the ring Qm{M) of G-superfunctions on M becomes 
a Frechet algebra with respect to the topology of uniform convergence of derivatives of any 
order defined by the family of seminorms 

' ^ {Jl---Jr) 
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where / G N and K runs over compact subsets of M. Given the standard G-supermanifold 
(i?"'™, Qn,m) and an open U C B'^'"^, there is an isomertical isomorphism of Frechet algebras 

GnAU) = C°°^((7"'"^(C/)) ® AW = C°°((7"'"^(C/)) A AW, 

where C°°(]R™') (8> A (8> AM™ is provided with the corresponding topology of uniform con- 
vergence of derivatives of any order. As a consequence, the evaluation morphism 6 (11) 
takes its values into the sheaf C^„^m of smooth A- valued functions on 5"'"*. Accordingly, 
the evaluation morphism of a G-supermanifold (M, Qm) is S : Qm C*^^. 

By a morphism of G-supermanifolds is meant their morphism as local-ringed spaces 

ifi = {if, $) : (M, Qm) ^ (M', Gm') (13) 

over the pull-back morphism {(p, o (p*) of the underlying G°°-supermanifolds. It follows 
that (f : M ^ M' is a smooth map of underlying smooth manifolds. Note that a map </? is 
not sufficient on its own in order to determine an even sheaf morphism and additional 
specification $ is needed. 

A G-morphism (13) is said to be a monomorphism (resp. epimorphism) if (p is injective 
(resp. surjective) and $ is an epimorphism (resp. monomorphism). In particular, a G- 
monomorphism (p : M' — > M is called a supersubmanifold if a morphism of underlying 
manifolds </? : M' — > M is a submanifold, i.e., an injective immersion. If </? is imbedding, a 
supersubmanifold is called imbedded. 



3 Superbundles 

As was mentioned above, we consider superbundles in the category of G-supermanifolds 
[15, 19]. Therefore, we start with the definition of a product of two G-supermanifolds. 

Let (5"'"*^ Qn,m) and (i?*'*', Qr^s) be two standard G-supermanifolds. Given open sets 
U C 5"'™ and V C B^''^, we consider the presheaf 

UXV^ Qn,m{U)^Qr,s{V) (14) 

where ® denotes the tensor product of modules completed in the Grothendieck topology. 
This presheaf yields the structure sheaf Qn+r,m+s of the standard G-supermanifold 
This construction is generalized to arbitrary G-supermanifolds as follows. 

Let {M,Qm) and {M',Qm') be two G-supermanifolds of dimensions {n,m) and (r, s), 
respectively. Their product (M, Qm) x (M', Qm') is defined as the graded local-ringed space 
(M X M', Qm®Qm'), where Qm®Qm' is the sheaf constructed from the presheaf 

uxu'^ gM{u)®gM'(u') 
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for any open subsets U G M and U' C M'. This product is a G-supermanifold of dimension 
(n + r, m + s) provided with the evaluation morphism 

There arc the canonical G-epimorphisms 

^1 : (M, Gm) X {M', Gm') ^ (M, ^^m), ^2 : Qm) x (M', S^m') ^ {M', Qm'), 
which one can think of as being trivial superbundles. 

Definition 6. A (locally trivial) superbundle over a G-supermanifold M = (M,Qm) 
with a typical fiber F = {F,Qf) is a pair {Y,n) of a G-supermanifold Y = {Y,Qy) and a 
G-epimorphism 

7r:(y,e?y)^(M,^?M) (15) 
such that M admits an open cover {Ua} together with a family of local G-isomorphisms 

i^a : {n-\Ua), Grln-HuJ ^ {M, QmIuJ x (F, Qp). (16) 

For any q G M, by Yg = 7f^^(q') is denoted the G-supermanifold 

{7r-\q),g,^{gy/M,)\^-^,)), (17) 

where A4q is a subsheaf of Qy whose sections vanish on 7i~^{q). This supermanifold is a 
fiber of Y over q e M. By a section of the superbundle (15) over an open set C/ C M is 
meant a G-monomorphism s : {U, Gm\u) Y such that tt o s is the identity morphism of 
(U, Gm\u)- Given another supermanifold Y' over M, a superbundle morphism ip : Y ^ Y' 
is a G-morphism such that o (p = 

It is readily observed that, by virtue of Definition 6, the underlying space F of a super- 
bundle Y (15) is a smooth fiber bundle over M with the typical fiber F. A section s of this 
superbundle defines a section s of the fiber bundle Y — > M, and a superbundle morphism 
y — > y is given over a smooth bundle morphism F — > of their underlying spaces. 

A superbundle over a G-supermanifold M — (M, Qm) whose typical fiber is a supcrspace 
(S"!"*, Qn\m) (seen as the standard {n -\- m,n -\- m) -dimensional G-supermanifold) is called 
a supervector bundle. Transition functions — i^a ° i^p^ of a supervector bundle yield 
sheaf isomorphisms 

afi '■ Qn\m\Uar\Ug ~^ Qn\m\Uar\Ug 

which are described by matrices whose entries arc sections of Gn\m\uar\Uf}- Their evaluation 
(5(Ta/3) are GL(n|m; A)-valued G°°-functions on Ua n C/^. Sections of a supervector bundle 
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constitute a sheaf of locally free graded ^^y^-modules. Conversely, let S* be a sheaf of locally 
free graded ^M-modules of rank (r, s) on a G-manifold M, there exists a supervector bundle 
over M such that S is isomorphic to the sheaf of its sections. 

For instance, the locally free graded sheaf VSm of graded derivations of Gm defines 
a supervector bundle, called the tangent superbundle TM of a G-supermanifold M. If 
{q^,. . . , gf'"+") and {q'^, . . . , are two coordinate charts on M, the Jacobian matrix 



'dqi 



(18) 



(see the prescription (12)) provides the transition function for TM. It should be emphasized 
that the evaluation 5(T*) of the Jacobian matrix (18) cannot be written as the Jacobian 
matrix since odd derivatives of ^""-supcrfunctions arc ill-defined. 

Turn now to the notion of a principal superbundle with a structure G-Lie supergroup. 
Let e = (e. A) denote a single point with the trivial (0, 0)-dimensional G-supermanifold 
structure. For any G-supermanifold, there are natural identifications exM — Mxe — M 
we refer to in the sequel. A G-supermanifold K — {K, Qk) is said to be a G-Lie supergroup 
if there exist the following G-supermanifold morphisms: a multiplication m : K x K ^ K, 
a unit e : e ^ K, an inverse k : K ^ K, which satisfy 

the associativity m o (Id x m) =mo im x Id) : K x K x K ^ K x K K , 
the unit property (mo (^ x Id))(e x K) = {mo (Id x e)){K x e) = Idi^, 
the inverse property m o (A; x Id )(i^r x K) =mo (Id x k){K x K) = s{e). 
Given a point g G K, let us denote by g : e ^ K the G-supermanifold morphism whose 
image in X is 51. Then one can define the left and right translations of X as the G- 
supermanifold isomorphisms 

Lg-.K^exK^-^KxK^K, Rg -.K xe^^K xK ^K. (19) 

Apparently, the underlying smooth manifold of a G-Lie supergroup K is provided 
with the structure of a real Lie group, called the underlying Lie group. In particular, the 
transformations of K corresponding to the left and right translations (19) are ordinary left 
and right multiplications of K by gi. 

For example, the general linear graded group GL{n\m; A) is endowed with the natural 
structure of an if°°-supermanifold of dimension (n^ + m^,2nm) so that the matrix multi- 
plication is an if°°-morphism. Thus, GL{n\m; A) is a H'^-Lie supergroup. It is trivially 
extended to the G-Lie supergroup GL{n\m; A), called the general linear supergroup. 

A homomorphism (p : K ^ K' oi G-Lie groups is defined as a G-supermanifold mor- 
phism which obeys the conditions 

ifi om — m' o [ifi X (p). (poe — e\ (pok — k'o(p. 
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In particular, an imbedded monomorphism H ^ K oi G-Lie supergroups is called a G-Lie 
supersubgroup of K. Accordingly, the monomorphism of underlying Lie groups H ^ K is 
a Lie subgroup of K. 

By a right action of a G-Lie supergroup X on a G-supermanifold P is meant a G- 
epimorphism p : P x K ^ P such that 

po (p X Id) = po (Id xm) : P xK xK ^ P, po (Id x e){P x e) = IdP. 

Apparently, this action implies a right action p of the underlying Lie group K of K on 
the underlying manifold P of P. Similarly, a left action of a G-Lie supergroup on a G- 
supermanifold is defined. 

For instance, a G-Lie supergroup acts on itself by right and left translations (19). The 
general linear supergroup GL(n\m; A) acts linearly on the standard supermanifold B'^^'^ on 
the left by the matrix multiplication which is a G-morphism. 

A quotient of the action of a G-Lie supergroup K on a G-supermanifold P is a pair 
[M, tt) of a G-supermanifold M and a G-supermanifold morphism % : P ^ M such that: 

(i) there is the equality 

7fop = 7fo^^ :Px^^M, (20) 

(ii) for any morphism (p : P ^ M' such that (p o p = (p o pr^, there is a unique G- 
morphism j : M ^ M' with — j ott. The quotient (M, tt), denoted by P/K, need not 
exists. If it exists, its underlying space is M — P/ K, and there is a monomorphism of the 
structure sheaf Gm of M to the direct image n^Gp. Since the G-Lie group K acts trivially 
on M, the range of this monomorphism is a subsheaf of 7^^,Qp, invariant under the action of 
K. Moreover, there is an isomorphism Qm — {t^*Qp)^ of Qm to the subsheaf of X-invariant 
sections of Qp. The latter is generated by sections of Qp on 7r~^{U), U C M, which have 
the same image under the morphisms 

P* ■ Gp\^-i{U) (^K®^p)l(^o^-i{C/), W*l ■ Gp\n-\U) {GK^Gp)\(^ofT^)-i{U)- 

Definition 7. A principal superbundle with a structure G-Lie supergroup K is defined as a 
quotient tt : P ^ P/K — M, which is a locally trivial superbundle with the typical fiber G 
such that there exists an open cover {C/q,} of M together with GX-equi variant trivialization 
morphisms 

Ipa ■ (vr"^(?7„),^p|^-i([/„)) {Ua,QM\uJ X K, 

where K acts on itself by left translations. 
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Note that, in fact, we need only assumption (i) of the definition of a quotient and the 
condition of local triviality of P. Apparently, the underlying smooth bundle P M of a 
principal superbundle P — > P/X is a principal smooth bundle with the structure group K. 

Given a principal superbundle tt : P — > M with a structure G-Lie supergroup K, let V 
be a G-supermanifold provided with a left action g : K xV oiK. Let us consider the 
right action of K on the product P x V defined by the morphisms 

w:PxVx k'^P xKx v^^^^^ P xK xK xV'^^' P xV , (21) 

where k : V x K ^ K xV \s the morphism exchanging the factors, K : K x K ^ K \s the 
diagonal morphism, and — qo {k xI^l). The corresponding action of the underlying 
Lie group K on the underlying smooth manifold P xV reads 

(p X v)g = {pg X g^^v), P ^ P, v & V, g E K. 

Then one can show that the quotient (P x V)/K with respect to the action (21) is a 
superbundle over M with the typical fiber V . It is called a superbundle associated to the 
principal superbundle P because the underlying smooth manifold (P x V)/i^ is a fiber 
bundle over M associated to the principal bundle P. 

4 The proof of Theorem 2 

Let 

7f : P ^ P/K 

be a principal superbundle with a structure G-Lie group K. Let i : if — > X be a closed 
G-Lie supersubgroup of fC, i.e., i : H ^ K is a. closed Lie subgroup of the Lie group K. 
Since if is a closed subgroup of the latter is an if-principal fiber bundle K — » K/ H [1]. 
However, K/H need not possesses a G-supermanifold structure. Let us assume that the 
action 

p -.K xH^^K xK 

of H on K by right multiplications defines the quotient 

C-.K^K/H (22) 

which is a principal superbundle with the structure G-Lie supergroup H. In this case, the 
G-Lie supergroup K acts on the quotient supermanifold K/H on the left by the law 

q:K X K/H ^Kx ({K) ^ {( om){K x K). 
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Given this action of K on K/H, we have a P-associated superbundle 

E = (P X K/H)/K ^ M (23) 
with the typical fiber K/H. Since 

P/H = ((P X K)/K) /H = {Px K/H) /K, 
the superbundle E (23) is the quotient {P/H, tth) of P with respect to the right action 

po (Id X?) : P X H — ^P X K — ^P 
of the G-Lie supergroup H. Let us show that this quotient 

tth-P^ P/H 

is a principal superbundle with the structure supergroup H. Note that, by virtue of the 
well-known theorem [1], the underlying space P of P is an if-principal bundle 

tth-.P^ P/H. 
Let {K, ^k} be an atlas of trivializations 

: {C'{V.),gKk-Hv.)) - {V.:Sk/h\vJ X H, 
of the if-principal bundle K ^ k/H, and let {Ua, ipa} be an atlas of trivializations 

■■ (7r"^(t/a),^p|7r-i([/a)) ^ {Ua:SM\uJ X K 

of the X-principal superbundle P — > M. Then we have the G-isomorphisms 

= (Id X §,) o : (V^-i(C/, X C\V,)), 6?p|v,-(c/„xC-Mv.))) ^ (24) 

{Ua:QM\Uc) X (K,^if/i/|yJ X H ^ {Ua X K, ^M|c/„«)^G//fkJ X ^. 

For any ?7q,, there exists a well-defined morphism 

*a : (7r-'(C/a),^?p|c/J ^ (C/a X G / H, gMlu^^GK/H) 

{Ua,GM\uJxK/HxH 

such that 
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Let {Ua,(Pa} be an atlas of trivializations 

ipa ■■ (7rs^(t^a),^'EL-i([/„)) ^ (C/«,^?m|c/J X K/H 

of the P-associated superbundle P/H M. Then the morphisms 

{ip-' X Id) : {7r-\U^),gp\uJ ^ (7r^^(f/a),feL-i(f;^)) x H 
make up an atlas 

{7r^^(C/„),(^-^xId)o$„} 

of trivializations of the iif-principal superbundle P P/H. 
Now, let 

be an ff-principal supersubbundle of the principal superbundle P M. Then there exists 
a global section h of the superbundle S — > M such that the image of i\ with respect to 
the morphism tth o ih coincides with the range of the section h. Conversely, given a global 
section h of the superbundle E — > M, the inverse image 7r]j^(h{M)) is an Jf-principal 
supersubbundle ol P ^ M. 

5 Supermetrics 

Let us show that, as was mentioned above, the condition of Theorem 2 holds if H is the 
Cartan supersubgroup of a supcrmatrix group i.e., K is & G-Lie supersubgroup of some 
general linear supergroup GL(n|m; A). 

Recall that a Lie superalgebra q of an (n, m) -dimensional G-Lie supergroup K is defined 
as a A-algebra of left-invariant supervector fields on /T, i.e., derivations of its structure sheaf 
Qk- a supervector field u is called left-invariant if 

(Id ® u) o m* = m* o u. 

Left-invariant supervector fields on K make up a Lie A-superalgebra with respect to the 
graded Lie bracket 

[u,u'] =Mo«'- (-l)MM„'oM, 

where the symbol [.] stands for the Grassmann parity. Being a superspace S"!"*, a Lie 
superalgebra is provided with a structure of the standard G-supermanifold ^"■+"*'"+"*. its 
even part go — B'^'"^ is a Lie Ag-algebra. 
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Let K he a matrix G-Lie supergroup. Then there is an exponential map 

e(j) = exp(j) = ;^lj^ 

k 

of some open neighbourhood of the origin of the Lie algebra Qq onto an open neighbourhood 
U of the unit of K. This map is an i7°°-morphism, which is trivially extended to a G- 
morphism. 

Let H he a Cartan supersubgroup of K, i.e., the even part f)o of the Lie superalgebra f) 
of whH is a Cartan subalgebra of the Lie algebra Qo, i-e., 

00 = fo + i)0: [fo, fo] C ^0, [fo, f)o] C fo. 

Then there exists an open neighbourhood, say again [/, of the unit of K such that any 
element g ol U is uniquely brought into the form 

g = exp(F) exp(7), F e fo, I e io- 

Then the open set Oh = m{U x H) is G-isomorphic to the direct product ^{^^^{U) flfo) x H. 
This product provides a trivialization of an open neighbourhood of the unit of K. Acting 
on this trivialization by left translations Lg, g e one obtains an atlas of a principal 
superbundle K ^ H. 

For instance, let us consider a superspacc i5"|2™'^ coordinated by {x"-,y^,y^), and the 
general linear supergroup GL(n\2m; A) of its automorphisms. Let B"'^^^ he provided with 
the A- valued bilinear form 

n m 

u; = ^(x^x'O + - y'y'')- (25) 

i=i j=i 

The supermatrices (4) preserving this bilinear form make up the orthogonal-symplectic 
supergroup OSp{n\m; A) [25]. It is a Cartan subgroup of GL{n\2m; A). Then one can 
think of the quotient 

GL{n\2m; A) /OSp{n\m; A) 

as being a supermanifold of A-valued bilinear forms on ^"■l^"* which are brought into the 
form (25) by general linear supertransformations. 

Let M he G-supermanifold of dimension (n, 2m) and TM its tangent superbundle. Let 
LM he an associated principal superbundle. Let us assume that its structure supergroup 
GL{n\2m; A) is reduced to the supersubgroup OSp{n\m; A). Then by virtue of Theorem 2, 
there exists a global section h of the quotient 

LM/OSp{n\m;A) M 
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which can be regarded as a supermetric on a supermanifold M. 

Note that, bearing in mind physical apphcations, one can treat the bihnear form (25) 
as sui generis superextension of the Euchdean metric on the body = cr(i?"l™) of the 
superspace However, the body of a supermanifold is ill-defined in general [9, 26]. 
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